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The relay channel, originally proposed in [[1], models a communication scenario where there is a relay
node that can help the information transmission between the source and the destination. Two fundamentally
different relay strategies have been developed in [2] for such channels, which, depending on whether the
relay decodes the information or not, are generally known as decode-and-forward and compress-and-
forward respectively. The compress-and-forward relay strategy is used when the relay cannot decode
the message sent by the source, but still can help by compressing and forwarding its observation to the
destination. Specifically, consider the relay channel depicted in Fig.[I} The relay compresses its observation
Y, into Yl, and then forwards Y1 to the destination via X;. To reduce the rate loss caused by the delay,
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Abstract

In the classical compress-and-forward relay scheme developed by (Cover and El Gamal, 1979), the decoding
process operates in a successive way: the destination first decodes the compressed observation of the relay, and
then decodes the original message of the source. Recently, two modified compress-and-forward relay schemes
were proposed, and in both of them, the destination jointly decodes the compressed observation of the relay
and the original message, instead of successively. Such a modification on the decoding process was motivated
by realizing that it is generally easier to decode the compressed observation jointly with the original message,
and more importantly, the original message can be decoded even without completely decoding the compressed
observation. Thus, joint decoding provides more freedom in choosing the compression rate at the relay, i.e., the
relay’s observation can be compressed at a rate higher than supportable by successive decoding.

However, the question remains whether this freedom of choosing a higher compression rate at the relay
improves the achievable rate of the original message. It has been shown in (El Gamal and Kim, 2010) that the
answer is negative in the single relay case, and the achievable rate obtained in (Cover and El Gamal, 1979) with
successive decoding is still the best. In this paper, we further demonstrate that in the case of multiple relays,
there is no improvement on the achievable rate by joint decoding either. More interestingly, it is discovered that
any compression rates higher than supportable by successive decoding will actually result in a strictly lower
achievable rate for the original message. Therefore, to maximize the achievable rate for the original message, the
compression rates should always be chosen to be supportable by successive decoding. The freedom of choosing
higher compression rates introduced by joint decoding is actually obtained at the sacrifice of the achievable rate
for the original message. This phenomenon is also shown to exist under the repetitive encoding framework recently
proposed by (Lim, Kim, El Gamal, and Chung, 2010), which improves the achievable rate in the case of multiple
relays compared to the classical encoding framework. Here, another interesting discovery is that the same achievable
rate can be obtained without repetitive encoding if the relays encode with memory of previous blocks.

[. INTRODUCTION

block Markov coding was used in [2], and more blocks leads to less loss.

In this paper, based on the differences in the detailed encoding/decoding processes, the following six

different compress-and-forward relay schemes will be considered.

Cumulative encoding/successive decoding,

Cumulative encoding/joint decoding,

Repetitive encoding/successive decoding,

Repetitive encoding/joint decoding,

Cumulative encoding/relay with memory/successive decoding,
Cumulative encoding/relay with memory/joint decoding.



Fig. 1. The single relay channel.

The cumulative encoding/successive decoding refers to the original compress-and-forward scheme
developed in [2]]. The encoding is “cumulative” in the sense that in each new block, a new piece of
information is encoded at the source. This distinguishes from a “repetitive” encoding process recently
proposed in [8]], where the same information is encoded in each block. The decoding is successive in
the sense that the destination first decodes the compressed observation of the relay, and then decodes the
original message. The compressed observation Y; can be first recovered at the destination, as long as the
following constraint is satisfied: .

I(X1;Y) > I(Y1; V1] X3, Y). (1

Then, based on Y; and Y, the destination can decode the original message X if the rate of the original
message satisfies .
R < I(X;Y1,Y|Xy). 2)

The above two-step successive decoding process requires Y; to be completely decoded. This facilitates
the decoding of X, but is not a requirement of the original problem. Recognizing this, a joint decoding
process has been proposed in [4]-[7], where, instead of successively, the destination decodes Y; and X
together. It turns out that the decoding of X can be helped even without completely decoding Y, i.e.,
only to determine Y; to within a set of possibilities. Thus, with joint decoding, the constraint is not
needed, and instead of , the achievable rate is expressed as

R < I(X;Y1,Y|X)) — max{0, [(Yy; V1| X1,Y) — I(Xy;Y)}. (3)

Moreover, even if Y; is to be completely decoded, it can be more easily done by joint decoding, and
instead of (1)), we need a less strict constraint:

[(X;Y) > I(Yi; Y] X,, Y, X), 4)

where, it is clear to see the assistance provided by X.

Therefore, compared to successive decoding, joint decoding provides more freedom in choosing the
compression rate of Y7, even at a rate not decodable by the destination. However, the question remains
whether joint decoding necessarily achieves higher rates for the original message than successive decoding
can do. For the single relay case, it has been proved in [5] that the answer is negative, and any rate
achievable by one of them can always be achieved by the other. In this paper, we are going to further
consider the case of multiple relays as depicted in Fig. 2l and demonstrate that joint decoding won’t be
able to achieve any higher rate either. More interestingly, any compression rates higher than supportable
by successive decoding, e.g., violating (1)) in the one relay case, will actually result in a strictly lower
achievable rate for the original message. Therefore, to maximize the achievable rate for the original
message, the compression rates should always be chosen to be supportable by successive decoding, e.g.,
satisfying in the one relay case.

Recently, a different encoding process was proposed in [8]], where instead of piece by piece, all the
information is encoded in each block, and different blocks use independent codebooks to transmit the same
information. Compared to cumulative encoding, this repetitive encoding has the advantage of introducing
collaboration among all the blocks, so that in the final decoding, all the blocks are helping each other. This
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Fig. 2. The multiple-relay channel.

repetitive encoding process was combined with joint decoding in [8], and although no improvement was
shown in the single relay case, some interesting improvement can be obtained in the case of multiple relays.
In this paper, we consider the combination of repetitive encoding with successive decoding, and similarly
demonstrate that successive decoding performs as well as joint decoding in terms of achievable rates for
the original message when repetitive encoding is used. Moreover, we also show that any compression
rates not supportable by successive decoding will necessarily lead to rate loss of the original message.

As another contribution of this paper, we propose a new compress-and-forward relay strategy where
the relays encode with memory of previous blocks. It is found that when such a help to previous blocks
is offered by the relays, repetitive encoding is not needed at the source to achieve the same rate. To
distinguish from the schemes discussed earlier, we refer to such schemes as cumulative encoding/relay
with memory/successive decoding, or cumulative encoding/relay with memory/joint decoding.

Finally, we point out that the optimality of successive decoding is only shown for the case of a single
destination in the network. When there are multiple destinations in the network, joint decoding may
perform better, since it is more flexible to meet the tradeoff between different destinations.

The remainder of the paper is organized as the following. In the next section, we formally state our
problem setup and summarize the main results. Then, in Section [lII| and Section we thoroughly discuss
the achievability results with successive decoding and joint decoding, and the optimality of successive
decoding, under the frameworks of cumulative encoding and repetitive encoding respectively. Our new
scheme of relay with memory is presented in Section [[V}A.

II. MAIN RESULTS
Consider the multiple-relay channel depicted in Fig. [2, which can be denoted by
(XXX X X Xy,
PY, Y1y Yn|T Ty X)), Y XV X X W)

where, X', &), ..., &, are the transmitter alphabets of the source and the relays respectively, YV, Vi, ..., Va
are the receiver alphabets of the destination and the relays respectively, and a collection of probability
distributions p(-, -, ..., |z, z1,...,x,) on Y XY X+ - - XY, one for each (x, 1, ..., x,) € XXX XXX,

The interpretation is that x is the input to the channel from the source, y is the output of the channel to
the destination, and y; is the output received by the i-th relay. The i-th relay sends an input x; based on
what it has received:

xz(t) = fz,t(yz(t - 1)7 yz(t - 2)7 e ')7 for every time t? (5)

where f;;(-) can be any causal function.

Before presenting the main results, we introduce some simplified notations. Denote the set N =
{1,2,...,n}, and for any subset S C N, let X5 = {X;,7 € S}, and use similar notations for other
variables. The main results of this paper are two-fold as the following.

i) Under the cumulative encoding framework: In Section [lII, we first establish the achievable rates for
cumulative encoding/successive decoding and cumulative encoding/joint decoding, as stated in Theorems
[2.1] and 2.2] respectively; and then demonstrate the optimality of successive decoding in the sense of



Theorem [2.3] Specifically, we show that for the general multiple-relay channel, with the cumulative
encoding/joint decoding scheme, the optimal rate can be achieved only if the compression rates at the
relays are chosen such that the compressions can be first decoded at the destination, i.e., successive
decoding can also be carried out.

Theorem 2.1: For the multiple-relay channel depicted in Fig. [2] by the cumulative encoding/successive
decoding scheme, a rate R¢s is achievable if for some

p(@)p(w1) - (@) p(G1y1, 1) - P(Gn|Yn, Tn),

there exists a rate vector {R;,7 = 1,...,n} satisfying
> R < I(Xs3Y|Xs) (6)
1€ST
for any subset S; C N, such that for any subset S C N,
I(Ys; Ys|Yse, Y, Xy) < ZRi (7
i€S
and X
Res < I(X; Yy, Y| Xy). ®)

Theorem 2.2: For the multiple-relay channel depicted in Fig. by the cumulative encoding/joint
decoding scheme, a rate R¢j is achievable if for some

p(x)p(w1) - (@) p(G1|y1, 21) - P(GnlYn, Tn),

there exists a rate vector {R;,7 = 1,...,n} satisfying
> R < I(Xs; Y| Xgp) )
€S
for any subset S; C N, such that for any subset S C N,
Rey < I(X; Yy, Y| Xn) — I(Ys; Ys[Vse, Y, X)) + ) R (10)

i€
Let R¢s and R¢)y be the supremum of the achievable rates stated in Theorems [2.1] and [2.2] respectively.
Theorem 2.3: R¢,5 = R¢,, and R{,; can be obtained only under the distribution

p(@)p(w1) - (@) p(G1ly1; 1) - P(Yn|Yn, Tn)

for which, there exists a rate vector {R;,7 = 1,...,n} satisfying
> R < I(Xs,; Y[ Xs) (11)
€S
for any subset S; C N, such that for any subset S C N,
I(Ys; Ys|Vse, Y, X)) <Y Ri. (12)
i€S

ii) Under the repetitive encoding framework: In Section we first establish the achievable rates
with successive decoding and joint decoding, and then establish the optimality of successive decoding.
Similarly, we show this optimality by proving that the optimal rate with the repetitive encoding/joint
decoding scheme can be achieved only if the compression rates at the relays are chosen so that successive
decoding can also be carried out.



Theorem 2.4: For the multiple-relay channel depicted in Fig. [2] by the repetitive encoding/successive
decoding scheme, a rate Ry is achievable if there exists some

p(@)p(x1) - p(n)p(G1lyrs 21) -+ P(GnlYn, Tn),
such that for any subset S C N,

[(Xs; Yse,Y|Xse) = I(Ys; Vs| X, Y, Yse) >0, (13)
and R
Ryss < I(XQYN,Y|XN)- (14)

Theorem 2.5: For the multiple-relay channel depicted in Fig. 2| by the repetitive encoding/joint decoding
scheme, a rate Rg/ is achievable if there exists some

p(@)p(x1) - - p(@n)p(Gilyr, 1) - p(GnlYn, T0),
such that for any subset S C N,

Rry < I(X, Xg; Vse,V|Xse) — I(Ys; Ys| X, Xu, Y, Vo). (15)
It is interesting to note that

I(X; YN, Y|Xn) + I(Xs: Yse, V| Xge) — I(Ys; Vs| Xu, Y, Yse)
= I(X, Xs:Yse,YV|Xse) — I(Ys:; Vs| X, X, Y, Vse).

Let Ry, and Ry, be the supremum of the achievable rates stated in Theorems [2.4] and [2.5] respectively.

Theorem 2.6: Ry, = Rgj, and Ry, can be obtained only under the distribution

p(@)p(x1) - - - p(@n)P(G1lyr, 1) - P(Gn|Yns T0)
such that for any subset S C N,

[(Xs;Yse,Y|Xse) — I(Ys; Y| Xnr, Y, Yse) > 0. (16)

ITI. SUCCESSIVE DECODING VS. JOINT DECODING UNDER CUMULATIVE ENCODING FRAMEWORK

We first prove the achievability results stated in Theorems [2.1] and [2.2] respectively.

In both the cumulative encoding/successive decoding and cumulative encoding/joint decoding schemes,
the codebook generation and encoding process is exactly the same as the classical way, i.e., the way in
the proof of Theorem 6 of [2]]. The difference between these two schemes is only on the decoding process
at the destination: i) In successive decoding, the destination first finds, from the specific bins sent by
the relays via X1, X, ..., X,,, the unique combination of Y7, Y5,... Y, sequences that is jointly typical
with the Y sequence received, and then finds the unique X sequence that is jointly typical with the Y
sequence received, and also with the previously recovered Y1, Y, ..., Y, sequences. ii) In joint decoding,
the destination finds the unique X sequence that is jointly typical with the Y sequence received, and

also with some combination of Y;,Y5,...,Y, sequences from the specific bins sent by the relays via
X1, X, ..., X,



A. A Simplified Model and the Proof of Theorem [2.1]

To make the presentation easier to follow, we introduce a simplified channel model as depicted in Fig.
where, the relays are connected to the destination via error-free digital links with capacities Ry, Ro, ..., R,
where (Rq, Ry, ..., R,) are chosen based on @ The i-th digital link plays the same role as the X; — Y
link in Fig. 2| for any ¢ = 1,2,...,n. Such a replacement will not lead to any essential variation of
the original coding scheme, since under the original coding framework, the X; — Y link is used as a
separate link to forward digital information. The benefit of directly replacing it by a digital link is that the
codebook construction for Y; can be simplified, since no X; needs to be considered. For this simplified
model, (7) and (8) simplify to

I(Ys; Ys|Vse,Y) <) R (17)
€S
and A
RC/S < [(X,YN,Y) (18)

Fig. 3. A simplified multiple-relay model with digital links.

The basic idea of the compress-and-forward strategy is for the relay to compress its observations into
some approximations, which can be represented by fewer number of bits, and thus, can be forwarded
to the destination. To deal with delay at the relay, block Markov coding was used, where the total time
is divided into a sequence of blocks of equal length 7', and coding is performed block by block. For
example, each relay compresses its observations of each block at the end of the block, and forwards the
approximations in the next block. Therefore, to decode the message sent by the source in any block, it is
not until the end of the next block, has the destination received the help from the relay.

The encoding process is exactly the same as that in the proof of Theorem 6 of [2]. We only emphasize
that the i-th relay needs to generate 27(/(¥ii Yi)+e) many Y; sequences, and randomly throws them into
2TRi bins. At the end of each block, the relay finds a Y; sequence which is jointly typical with the Y;
sequence it received during the block, and in the next block, inform the destination the index of the bin
that contains the Y; sequence.

The decoding process operates in a successive way. At the end of each block b = 2,3, .. ., the destination
first finds, from the bins forwarded by the relays during block b, the unique combination of Y7, Y5, ... Y,
sequences that is jointly typical with the Y sequence received, i.e.,

A

Y,(b—1),....Y, (b—1),Y(b—1)) € A(Yy,Y). (19)

Error occurs if the true Y (b — 1) does not satisfy ( . or a false Y N(b — 1) satisfies (19). According
to the properties of typical sequences, the true Y (b — 1) satisfies with high probab111ty
The probability of a false ¥ ,+(b — 1) with some false {Y;(b— ) i € 8} but true {Y,(b—1), i € 8}
being jointly typical with Y (b — 1) can be upper bounded by
oT(H(Y,Yx)+€)9=T(H(YYse)~e) H o—T(H(Y;)~e)

i€S



There are [, (2" (Ya¥)=Rite) _ 1) false Y ¢(b — 1) from the bins, thus the probability of finding such
a false Y /(b — 1) can be upper bounded by
oT(H(Y,Yn)+€) =T (H(Y.Vse )~ H o= T (H (V)= (Y;;Yi)+Ri—2e)
=

which tends to zero for sufficiently small € as 7" — oo, if

H(Ys|Y,Yse) = Y [H(Y;|Yi) + Ri] < 0. (20)

icS

Leting S = {i; e N : j =1,...,|S|}, we have

S HEIY) = Y H(TY)

€S j=1,...,|S|
= Z H(ﬁj|Y87Y7}>367{}A/i1a'"7}A/ij_1})
Jj=1,.., ‘Sl

:H(YS|YS, Y, Yse).

Plugging this into (20), we obtain (
Given that (17) is satisfied for any 8 C N, the destination can recover Y »(b—1) at the end of block

b. Then, based on ¥ (b — 1) and Y (b — 1), X(w) can be recovered if holds

B. Proof of Theorem [2.2]

Similarly, we consider the simplified model as depicted in Fig. |3| where the rates (R, Ro, ..., R,) are
chosen based on (9). Then, simplifies to

R<I(X;Yy,Y)—I(Ys:Ys|Vse,Y) + > Ry Q1)
icS

In cumulative encoding/joint decoding, the encoding part is exactly the same as that in the proof of

Theorem and the decoding process operates as the following. At the end of each block b = 2, 3, .
the destlnatlon finds the unique X sequence that is jointly typical with the Y sequence received durmg
block b — 1, and also with some Y7, Ys,...,Y, sequences from the bins forwarded by the relays during

block b, i.e.,

(X(w),Y(0—1),Y (b —1)) € A(X, Y, V1., Y,). (22)

Error occurs if the true X (w) does not satisfy (22)), or a false X (w') satisfies (22). According to the
properties of typical sequences, the true X (w) satisfies with high probability. A

The probability of a false X (w’) being jointly typical with Y (b —1) and some false {Y,;(b—1), i € S}
but true {Y,(b — 1), i € S°} can be upper bounded by

9T (H(XY.Yn)+€) 9T (H(X)~e)g=T(H(YVse)—e) H o—T(H(Y:)~¢)
ics
There are 277 — 1 false v/, and [[, o(2TFO#V0-Rite) _ 1) false Y g(b — 1) from the bins, thus the
probability of finding such a false X (w’) can be upper bounded by
2TR2T(H(X,Y,YN)+6)27T(H(X)fe)
 9-T(H(YYse)—e H2 T(H(Yi)—I(Yi;Yi)+Ri—2e)
€S

which tends to zero for sufficiently small e as 7" — oo, if (21)) holds.

The case of “=" can be included since l) doesn’t include “=". The same consideration applies throughout the paper.



C. Optimality of Successive Decoding under Cumulative Encoding Framework
To make the proof of Theorem [2.3] easier to follow, we still consider the simplified model depicted in
Fig. Bl Then, R¢,s and R can be respectively written as

Rys = max — I(X;Yy,Y) (23)

p(@) ITiZ 1 p(¥ilys)

such that 1(Ys; Ys|Vse,Y) = > R; <0,¥S C N, (24)
€S
and
Rey=  max  min{I(X;Yy,V) = I(Yes; Vs|Vse,Y) + > Ri}. (25)

p(e) TTiy p(Filys) SEN Py

Before proceeding to the proof of Theorem we first introduce some useful notations and lemmas.
Let

Lip(8) =Y Ri—I(Ys;Ys|Ya, Vs, V), VS C B, (26)
€S
I5(S) :=Ip5(S) = > Ri — I(Ys; Vs|Vp\s,Y),¥S C B, 27)
€S
[(8) :=In(S) = > Ri — I(Y5; Ys|Vse,Y), VS CN. (28)
€S

Then, we have the following lemmas, whose proofs will be deferred until we finish the proof of Theorem
Lemma 3.1: 1) If 14(S1) >0, VS, C A, and I5(Ss) > 0, VS, C B, then I45(S) >0, VS C AUB.
2) If 14(S1) >0, VS, C A, and 145(S2) >0, VS, C B, then I4;5(S) >0, VS C AlJB.

Lemma 3.2: Under any p(x) [, p(9:|y:), there exists a unique set D, which is the largest subset of

N satisfying

Ip(S) > 0,¥S C D.

Lemma 3.3: If 145(B) > 0 for some nonempty B, then there exists some nonempty C C B such that
I40(S)>0,VS CC.
Lemma 3.4: For any A and B with AN\B =0, I(A) + I(B) = I(AUB) + I(Ya; Ys|[Yuays):, V).
We are now ready to prove Theorem [2.3]
Proof of Theorem 2.3 We show R, = Rg, by showing that R,s < Rgy and R > Ry
respectively. Under any p(x) [, p(#i|y;) such that I(Ys; Ys|Vse,Y) <>, s Ri, VS C N, we have

win{I(X; ¥y, Y) — I(¥s; ¥s¥se, ¥) + ; Ri} = I(X;Yn,Y),
and thus R,g < R¢y;.

To show R&g > R¢y. it is sufficient to show that R, can be achieved only with p(z) [T, p(vi|y:)
such that I(S) > 0, VS C N. We will show this by two steps as follows: i) We first show that under
any p(z) [T, p(vily:), if D¢ # 0, then D¢ € argminI(S) and mTeargminI(S)T = D¢, where D is

SN

SCN

defined as in Lemma ﬁand argmin I(S) := {T C N : I(T) = minscy I(S)}. ii) We then argue that ,
SCN

under the optimal p(x) [[}_, p(g)l-|_yi), D¢ must be (), i.e., D must be N, and thus by the definition of D,
1(8) > 0,YS C N,
i) Assuming D¢ # () throughout Part i), we show D¢ € argmin I(S) and ﬂ’r caremin 1(s) T = De,
SCN ScN
1) We first show /(D) < 0 by using a contradiction argument. Suppose I(D°) > 0, i.e., Ippe(D°) > 0.

Then, by Lemma we have that there exists some nonempty B C D¢ such that Ip 5(S) > 0, VS C B.



This will further imply, by Part 2) of Lemma that Ipj5(S) > 0,VS C DJB. This is contradictory
with the definition of D, and thus /(D) < 0.

2) We show that VA C D¢ and A # D¢, I(A) > I(D°), and thus I(A) > mingcy I(S). The proof
is still by contradiction. Suppose that there exists some A C D¢ and A # D¢ such that I(A) < I(D°).
Then I(D¢) — I(A) >0, i.e.,

Z Rz - ](ch; Y’DC

Yp, V) =Y Ri+ I(Ya; YalVie,Y)

iepe icA

= ) Ri— I(Ype\a; Ypou[¥,Y)
€D\ A

=Ippe\a(D\ A)

>0.

Again by Lemma [3.3] and [3.1] successively, we can conclude that there exists some nonempty B C
D¢\ A, such that Ipjp(S) > 0,¥S C D|JB, which is in contradiction. Therefore, I(A) > (D) >
mingscy [(S).
3) We prove that V.A with AD # () and AD® # D¢, I(A) > mingcy I(S). Let A, = AD and
Ay = AD®. Then, we have, by Lemma [3.4] that
[<A> :[(Al U AZ) = [(Al) + I(AQ) - [(th; }}AQ‘?AC7 Y)a
(A D) =I(A) + 1(D%) = I(Ya,: Ve Vi, yeye, V).
Since I(Ay) > I(D°) by 2) and
I(YAl X ypc }/}(-Al UDC)C7 Y)
:I(YA1 ; ch\A2 |YV(V41 UDe)e, Y) + ](YA1; YAQ |YV(_A1 UDe)es YDC\A27 Y)
=1(Ya,; Y, Yae,Y) + 1(Ya,; Yoo\ 4, Y4, ype)e, Y)
ZI(YAN YAQ |Y.Acv Y)v
we have I(A) > I(A; UD) > mingcy I(S).
4) We prove that VA with AD # () and AD = D¢, I(A) > I(D°). Letting A; = AD, we have
I(A) =I(A | D)
=I(A) + (D) — I(Ya,; Y| Yia, ypeye, V)
= Ri— I(Yay; Ya, [V, Y) = I(Vay; Yoo
€A

== Z RZ - [(th ; Y'D% YA1 D}(Al UDe)es Y) + I(DC)
€A

= Z Ry — I(Ya,; Ya, |5A/D\A1, Y)+ I(D°)
€A

=Ip(Ay) + 1(D°)

>1(D°).

~

Y ypeye, Y) + 1(D°)

Combining 2) - 4), we can conclude that D¢ € argmin /(S) and (- cargmin 1(s) T = D-.
SN ScN

ii) We now argue that under the optimal p(z) [\_, p(¢:|y;) that achieves R, if D # ), then R is
not optimal; and hence D¢ must be ). The argument is extended from that in [3] and the detailed analysis
is as follows.



Suppose D¢ # () at the optimum. Then, D¢ € argmin /(S) and ﬂTeargmin 1s) T = D*. Therefore,
SCN SCN
R,y =I(X; Yy, Y) + I(D°)
=I(X;Yp,Y) + I(X;Ype|[Yp,Y) + Y Ry — I(X,Ype; Ype|Yp,Y)
i€De
=I(X;Yp,Y)+ > Ri — I(Ype; Ype| X, Yp, Y), (29)

1€De

and similarly,
Riy =1(X; YN, Y) + I(T)
=I(X;Y7e,Y)+ > Ry — I(Y7; Y7| X, Y7e, V), (30)
€T

for any 7 € argmin I(S), T # D°.
SN

We argue that higher rate can be achieved. Consider V!, Y],...,Y!, where Y/ =Y, for any i € D,
and Y; = Y; with probability p and Y; = () with probability 1 — p for any i € D°. When p = 1, the
achievable rate with Y7,Y5,...,Y, is R¢,;. As p decreases from 1, it can be seen from and

that both I(X;Y},,Y) + I(D¢) and I(X;Y},Y)+ I(T) will increase, where 7 € argmin I(S), T # D°.

SCN
Thus, no matter how I(X;Y};,Y) + I(S) will change as p decreases for S ¢ argmin I(S), it is certain
SCN
that there exists a p* such that the achievable rate by using Y7, Y7, ..., Y/ is larger than R%,. This is
in contradiction with the optimality of R¢,, and thus at the optimum, D¢ must be 0,ie., I(S) >0,
VS C N. This completes the proof of Theorem [ |
Below, we summarize the proofs of Lemma [3.1{3.4]
Proof of Lemma 3.1}

For any S C A|JB, let S; = SA and S; = S(B\ A). Then,

Lays(8) =Y Ri— I(Ys; Ys|Yiuysps. Y)

€S
= Z R; — I(Ys,: Y5, [Yiaysps,Y) + Z R; — I(Ys,; Ys,[Yaysps: ¥s,, Y)
€St 1€S2
> Z R; — I(YS1 ) YS1 DA/A\& ) Y) + Z R; — I(Ysz; }}52 D}Av YB\&? Y)
1€S) 1€S2
:[A<Sl) -+ IAB(SQ) (31)
>14(S1) + 15(S2). (32)
If 14(S1) >0, VS C A, and I3(S,) > 0, VS, C B, then following (32), /4;5(S) >0, VS C A|JB.
If 14(S1) >0, VS C A, and I45(S2) > 0, VS, C B, then following (31), I4;5(S) >0, VS C AUUB.
[ |

Proof of Lemma 3.2} Let £ := {F C N : Iz(S) > 0,¥S C F} and Lyax :={D € L : |D| =
maxzre. | F|}. Suppose there are more than one element in L.y, say, Dy, Da, ..., D, where n > 2. Then
based on 1) of Lemma D .= U?:l D; also satisfies that Ip(S) > 0,VS C D, which is in contradiction,
and hence Lemma [3.2] is proved. [ ]



Proof of Lemma 3.3} 1f 145(S) > 0, VS C B, then this lemma obviously holds. Otherwise, if there
exists some S; C B, &1 # B, such that 14 3(S;) < 0, then we have I45(B) — [45(S1) >0, ie.,

> Ry~ I(Yi Ys|YaY) - (Z Ri — I(Ys,: Vs, |Ya, Yaus, Y))

ieB €S
= > Ri—1(Yps;: VsV, Y)
1€B\S1

=Ians B\ S1)
>0.

Now, we arrive at the same situation as in the original assumption with B replaced by 5\ S;. Continue
applying this argument, and we must be able to reach a nonempty C C B, such that /4 ¢(S) > 0, VS C C.

n
Proof of Lemma [3.4 For any disjoint A and 5,
(Al B)
= Y Ri—I(Yays YauslYuusyY)
i€cAUB
= Z Ri — I(Yays; YalYays:,Y) + Z Ri — I(Yays; YslYiausy Ya,Y)
€A €8
= ZRi —I(Ya, Y5 YalYaynye, Y) + ZRi — I(Yp; Y5|Yayny, Ya.Y)
icA icB
=3 R — I(Yg: YalYiaysy, Y) = I(Ya; YalYae, Y) + > Ry — I(V; V| Ve, V)
€A i€B
=I(A) + I(B) — I(Y4; Y5|Y(ays): Y),
which proves the lemma. [ ]

I'V. SUCCESSIVE DECODING VS. JOINT DECODING UNDER REPETITIVE ENCODING FRAMEWORK

Specializing Theorem 1 in [8] to the case of single source multiple-relay channel depicted in Fig. [2]
we readily have the achievable rate with repetitive encoding/joint decoding, as stated in Theorem [2.5]
Below, we focus on demonstrating the achievability result with repetitive encoding/successive decoding,
and establishing the optimality of successive decoding under the repetitive encoding framework.

A. Proof of Theorem

In repetitive encoding/successive decoding, the encoding process follows that in the proof of Theorem
1 in [8], but the decoding process operates in a successive way. The details are as follows.

Codebook Generation: Fix p(x) []'—, p(z:)p(Ys|z;, v;). Consider B + M blocks, where the source will
transmit information in the first B blocks and keep silent in the last M blocks, and M < B such that
the rate loss can be made arbitrarily small. We randomly and independently generate a codebook for each
block.

For each block b € [1 : B], randomly and independently generate 277%%s sequences x,(m), m € [1 :
QT?RR/S]; for each block b € [1 : B] and each relay node i € N, randomly and independently generate
277 sequences X;p(lip—1), lip—1 € [1 : 277i], where R; = I(Y;; Y| X;) +e; for each relay node i € N and
each X;(l;3-1), lip—1 € [1 : 277%], randomly and conditionally independently generate 27" sequences
Vio(Lisllip—1), lip € [1: 277]. This defines the codebook for any block b € [1 : B],

Cy = {xo(m), Xip(Lin-1), Vin(lisllin_1) - m € [L: 27BRRs) 1, 1y y € [1: 277 i € N}



For each block b € [B + 1 : B + M] and each relay node i € N, randomly and independently
generate 27~ sequences x;, (1)), where 1)) = (I s, ..., lip—1) is a b— B dimensional vector with
each component restricted to [1 : 27%] and thus IJ;' € [1 : 27%])*=5; for each relay node i € N and
each x;,(IV5), I3 € [1 :A2TR"]”‘B , randomly and conditionally independently generate 277 sequences
Vio(lilll5'), lip € [1: 275, This defines the codebook for any block b € [B+1: B+ M],

Co = {Xip (I3, Fop(lipl 05 105 € [1: 278 0, e [1: 277 i e Y.

Encoding: Let m be the message to be sent. For any block b € [1 : B], each relay node i € N,
upon receiving y;, at the end of block b, finds an index I;;, such that (3;4(lis|lio-1), Yis: Xip(lip—1)) €
A (X, Y, }A/;) where [; 0 = 1 by convention. The codewords x,(m) and x; ,(l;—1),7 € N are transmitted
in block b, b € [1 : B].

After block B, the source node will be silent and the relay nodes will use additional M blocks to
cooperatively transmit (Iy g, ...,l, ) to the destination. Specifically, for any block b € [B+1: B +
M], each relay node i € N, upon receiving yip at the end of block b, finds an index [;; such that
Finlinl 5, yims xi0(105)) € A™ (X, Y3, ;). The codeword x;,(175)),i € N is transmitted in block b,
be[B+1:B+M]. ’

Decoding: 1) The destination first finds a unique combination of the relays’ compression indices
1% = (L;,...,1p) and some 151" = (1541, ...,1p4ar), where I = (l14, ..., 1), Vb € [1: B+ M], such
that for any b =1,..., B,

(K11, Yialallio ) s Kagllns 1) Yasllsllns1)), Y3 ) € AP (Xu, Vo ¥V, (33)
and forany b=B+1,..., B+ M,

((Xl,b(llffBl% Yip(lalli5)s o (K (03), Yos(lapl125)), Y,,) € AN (Xp, YY), (34)

Specifically, this can be done backwards as follows:

a) The destination finds the unique 1z such that there exists some lgﬂ” = (1g41,- .-, 1pyar) satisfying
(34) forany b=B+1,...,B+ M.

Assume the true 157" = 1M+ Then, error occurs if 13 = 1 does not satisfy with any 157" for
any b= B+1,..., B+ M, or a false 1z # 1 satisfies with some lgflw forany b= B+1,..., B+ M.
Since 157 = 1M+1 gatisfies forany b = B+ 1,..., B + M with high probability according to the
properties of typical sequences, we only need to bound Pr(UlB 1 &1, ), where &, is defined as the event
that 15 satisfies with some 157 for any b= B +1,..., B + M. For any 1%, define A4,(1%) as the

11
event that 1% satisfies (34). Then, we have

B4+M

Pr(| ) &) =P J () Ah)
15#£1 1p#1 1B+ M b=B+1
B4+ M

<D D P[] Ay)

Ip#11B+M  b=B+1

B+M

=33 11 Ay

1p#1 1B+ M b=B+1

B+M

=3 3 3 I erany)). (35)

B+M—1 -
Ip1ar 151 1p#1 b=B+1
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For any 157, let S,(157") = {i € N': I # 1°"5}. Note S,(1;™") only depends on 13", so we
write it as Sy(15 ). Define X, (S,(1% ")) as {Xi7b(l3731),i € Sp(151)}, and similarly define Yb(Sb(llgl))
and Y, (S, (15™1)). Then, (X,(S,(1571)), Yo (Sp(1%71))) is independent of (X,(S¢(15™)), Yu(Se(151)), Y3)),
and Pr(A,(1%)) can be upper bounded by

2T(H(XN,YN,Y)+€)2_T(H(ng(1%_1)’?55(1‘]’3—1)’Y)_€)27T(H(Xsb(11}’3*1))76)27T(Ziesb(1§;1) (H(Yi|Xi)—e))

_ TSl 1) —¢)

~

whereI(Sb(llgl)) = [(Xsba%_l);?sbca%—léwX g(ﬂgl))—H(Ys 1t |XN>Y36(1’7 ! )4‘21@9 st (}AfllXZ)
(35

and ¢ — 0 as ¢ — 0. Then, following (35), we have
B+M
Pr(l &) <) D> >0 ] Pr(4(})
Ip#1 Ipynm lgii”*l 1p#1 b=B+1
B+M

<3 3 % I 2reseh-

lpynm lgﬂ‘/[*1 1p#1 b=B+1

B+M
< E E H 2_T(I(3b(le_1))_6/)
L SB+17'~-7SB+]M : ]BJF]VI 1. b=B+1
Sp+1# 0,541 CSpyo-- CSpym S(1BFM =1y - Sb,Vb €[B+1:B+ M|
B+M B+M
< E H 9T (Cies, I(Y: Vil Xi)+e)) H 9—T(Z(Sy)~¢)
Ip+m SB+17'~-7SB+]M : b=B+1 b=B+1
Sp11# 0,541 CSpy2-- CSpym
B+M ~ R R
< § : H 27T(I(X5b?YS§7Y|XS§)*I(YSZ,;YSb‘XN»YaYSE)*EN)
g4 SB+41s---,SB4+M ¢ b=B+1
Sp+1 #0,S+1 CSpy2--- CSpym
< § o7 Z;,B=+BA11(I(X$,,;?sgay\ng)—I(Ysb;?sb\XN%Ysg)—G”)
Ip+nm SB+1s-+-,SB+M :

Spy1#0,Sp41 CSpy2-- CSpyum
< E (2”)MQ*TM(miHsgN:s#@{I(XSYSC»Y\XSC)*I(YSYS|XN7Y7YSC)*€"})

Iy m
<2T(Zie/\/(1(ﬁ'§y¢\X¢)+€))2”M2—TM(minsgN:s¢@{I(Xs;Ysc,Y\XSC)—I(YS;YS|XN7Y,YSC)—€"})

where €’ — 0 as ¢ — 0. Thus, as both 7" and M go to infinity, Pr(U,,; &) — 0if 1(Xs; Ve, V| Xse) —
I(Ys; Y5|XN,Y, Ysc) > 0, for any nonempty S C N.

b) Backwards and sequentially from block b = B to block b = 2, the destination finds the unique 1,_1,
such that (1,_1,1,) satisfies , where 1, has already been recovered due to the backwards property of
decoding.

At each block b = B, B — 1,...,2, error occurs if the true 1,_; does not satisfy (33), or a false 1,_4
satisfies (33). According to the properties of typical sequences, the true 1,_; satisfies with high
probability. R

For a false 1,y with false {l;;,_1,7 € S} but true {l;;,_1,7 € S}, (Xi(S),Y,(S)) is independent of
(X,(859), Y,(8%),Y,), and the probability that (1,_y, 1) satisfies can be upper bounded by

T (H(XnYxr,Y)+€)9=T(H(Xse Yse,Y) =€) g=T(H(Xs)—€)g=T(3cs(H(YilXi)—€))



Since the number of such false 1,_; is upper bounded by [, ¢ 27/ YilX)+9) | with the union bound, it is

easy to check that the probability of finding such a false 1,_; goes to zero as T" — oo, if [ (Xs; YSC, Y| Xse)—
I(Ys; Ys| X, Y, Yse) > 0, for any nonempty S C N.
Combining a) and b), we can conclude that 1” can be decoded if for any nonempty S C N,

[(Xs; Vse, Y| Xse) — I(Ys; Vs| X, Y, Yse) > 0.

ii) Then, based on the recovered 17, the destination finds the unique m such that for any b =1, ..., B,
(30 (m), (X1 (11), Yialaltin 1) s Kl 1)y Yasllsllnp 1)), Y3 ) € AP(X, X, Var, V),
(36)

Obviously, the probability of decoding error will tend to zero if Rgs < I(X; Yy, Y| Xy).
|
Remark 4.1: It should be noted that in the proof of Theorem our encoding process is not exactly
the same as that in [8]. We add M blocks at the end, during which, the relays encode with memory
of the previous blocks, i.e., trying to forward lb instead of [;;,—; alone. This ensures that /; 5 can be
decoded with the help of the subsequent blocks. Then backwardly, all previous l; p_1,l; p—2,...,l;1 can
be decoded.
Remark 4.2: Tt is interesting to point out that in the proof of Theorem [2.4] repetitive encoding can
be replaced by cumulative encoding, while the same rate can be achieved. Specifically, the source can

transmit the message vector (mj,ma, ..., mp) in the first B blocks and the destination finds the unique

message vector (mq,ms, ..., mpg) such that for any b=1,... B,
(Xm0), (X1 l15-0s Yapllallin 1)) s (Kallns1), Yoo lslls1)), Yo ) € ALK, Xae, Vo, Y.
(37

One can easily check that all the above analysis still applies. Hence, when the relays encode with memory
of previous blocks, collaboration among the blocks is introduced, which has the same effect of improving
the achievable rate as using repetitive encoding.

B. Optimality of Successive Decoding under Repetitive Encoding Framework

The proof of Theorem [2.6] is analogous to that of Theorem [2.3] Some useful notations and lemmas
paralleled with those in are as follows. The proofs of these lemmas are deferred until we finish the

proof of Theorem
Let
Jas(S) =I(Xs; Yivs, Y, V|Xu, Xpvs) — [(Ys; Y| Xa, Y, Y, X5, Yirs), VS C B, (38)
Is(S) =D 5(S) = [(Xs; Yn\s, Y|Xp\s) — I(Ys; Ys|Xp, Yi\s,Y),VS C B, (39)
J(8) i=Jn(S) = I(Xs; Yse, Y| Xse) — I(Ys; Y| X, Y, Vse), VS C N (40)

Lemma 4.1: 1) If JA(81> 2 O, VSl g ./4, and JB(SQ) 2 0, VSQ g B, then JAUB(S) Z 0, VS g AUB
2) If J4(S1) >0, VS, C A, and J45(S2) > 0, VS, C B, then J,4y5(S) >0, VS C AUB.
Lemma 4.2: Under any p(z) [T, p(z;)p(¥i|z;, v;), there exists a unique set D, which is the largest

subset of N satisfying
Jp(8) > 0,VS C D.

Lemma 4.3: It J45(B) > 0 for some nonempty 13, then there exists some nonempty C C 3 such that
Jac(S) >0,¥S CC.



Lemma 4.4: For any A and B with ANB =10, J(A)+ J(B) = J(AUB) + J(Ao B), where
J(AoB) =I(X4,Yu; Xp, Y| X(ausy, Yiayusy, Y)
=I(X4; X5|X(aus)y, Yayse Y) + I(XA;YB|XAc Yausye Y)
+ I(Xp; Ya| X, Yausye, Y) + 1Y Ya| X, Yiay sy, Y)

We are now ready to present the proof of Theorem
Proof of Theorem 2.6} Ry, and Ry, can be respectively written as

R = max I(X;Yy,Y|X 41
RS @) T, plea)p(@iliys) (X Y, YIXw) (5
such that J(S) > 0,VS C N, (42)
and
Ry = max mm{I(X Y, Y|Xy) + J(S)}. (43)

p(z) H?:1 p(x)p(Jilzi,yi) SCN

To show Ry,s = Ry, it is sufficient to show that Ry, can be achieved only with p(x) [T', p(z;)p(3;|zs, vi)
such that J(S) > 0, VS C N. Similarly to the proof of Theorem this can be proved by two steps
and the details are as follows.

i) We first show that under any p(z) [, p(z;)p(¥i|z;, y;), if D° # 0, then D¢ € argmin J(S) and

SN

MVreargmin ss) T = D¢ where D is defined as in Lemma [4.2) and argmin J(S) := {T CN:JT) =

SCN
mingcy J(S)}.

1) We first show J(D¢) < 0 by using a contradiction argument. Suppose J(D¢) > 0, i.e., Jp pc(D¢) > 0.
Then, by Lemma we have that there exists some nonempty B C D¢ such that Jp 5(S) > 0, VS C B.
This will further imply, by Part 2) of Lemma that Jpj5(S) > 0,¥S C DJ B. This is contradictory
with the definition of D, and thus J(D¢) < 0.

2) We show that VA C D¢ and A # D¢, J(A) > J(D°), and thus J(A) > mingcp J(S). The proof
is still by contradiction. Suppose that there exists some .A C D¢ and A # D¢ such that J(A) < J(D°).
Then J(D¢) — J(A) >0, i.e.,

I(Xpe; Yo, Y|Xp) — I(Ype; Yoo | Xur, Y, Vo) — I(X 45 Yoo, Y| Xae) + T(Ya; Y| X, Y, Yiae)
=T(Xpe\u; Vo, Y| Xp) + I(Xa; YV, Y[ X ) = I(Ypera; Voo a| X, Y Vo) — I(Voa; Vil X, Y, Vige)
- [(X_A; YD, Y’X_Ac) - [(X_A; YDC\A’YDa Y, X_Ac> + I(Y_A; YA‘XN, Y, Y_Ac)
=1(Xpe\u; Yp, Y |Xp) — H(Ype\a| Xn, Y, Yp) + H(Ypesa|Yperu, Xn, Y, Yp)
— H(YDC\A’YD, Y, XAc) -+ H(ch\A’XA, Yp,Y, XAc)
=1(Xpe\a; Yp, Y| Xp) — I(Ype\a; YD\ a| Xp, Xpeya, Y, Y)
=Jpp\a(D\ A)
>0.

SCN

Again by Lemma [.3] and [.1] successively, we can conclude that there exists some nonempty B C
D¢\ A, such that Jpj(S) > 0,¥S C D|JB, which is in contradiction. Therefore, J(A) > J(D¢) >
mingcy J(S).

3) We prove that V.A with AD # () and AD¢ # D¢, J(A) > J(A|U D) > mingcp J(S). Let A; = AD
and A; = AD°. Then, we have, by Lemma {#.4] that

J(A) =T (A; | ) A2) = J(A1) + J(Ag) — J(As 0 Ay)
J(A: | D%) =J(A) + J(D) — J(AL 0 D").



Since I(Ay) > I(D°) by 2), to show J(A) > J(A|UD®) > minscy J(S), we only need to show
J(A; 0 Ay) < J(A; 0 D). Let A3 = D¢\ A,. Then, we have
J(A; 0 DF) — J(A; 0 Ay)
=T (X5 Xayuy | X (4104204005 Yidsods0dg)e V) +I(XA1,YAQUA3\XAC, (A1UA2UAs)", Y )
+ T(X agues Yoy [ X (suta)es Yisuasuds)e, YY)+ TV Yagua | X Yiasodsudg)es Y)
_I(XAl;XA2|XA1uA2) Yiauda)e, V) _[(XAlaYA2|XAC7Y(,41UA2)C>Y)
— I(X 43 Yo, [ X g, Yiasoao)e YY) — IV Yoo [ X, Yiayoag)es Y)
=I(X a3 Xt X (s utsue)es Yituaouagye, YY)+ 1(Xays Xy, Y| X (A1UA2)e Yiayuas040), Y)
+ 1(Xays Yoo IX (yuanres Yt usoane: Y) + 1 (Vays Xag, Yoy | X, Yidusoas)e, Y)
— T(X a5 X o) Xy 0oy, Yiayoanye, Y) — T(Xoags Y, [ X g, Yoo, V)
=1(Xay; Xy | X (0304000, Yisoasuage, Y) + T(X s Yo | X (4040, Yoz, Y)
(X 3 Yoy | X (st Yisuasuas)e, V) + 1(Yay; Yy | X 4s, Yiauauas)e Y)
>0.

Thus, we have J(A) > J(A; D) > mingcp J(S).
4) We prove that V.A with AD # () and AD® = D¢, J(A) > J(D°). Letting A; = AD, we have
J(A D) = J(A1) + J(D) — J(A; 0 D).
Thus, to show J(A) > ( ) we only need to show J(A;) — J(A; o D) > 0. For this, we have
J(A1) = J(A1 o D)
= (X.A1; Y'Dca YD\AN Y|XDC7 XD\.A1) - I(YA1 ) Y.Al |XN7 Y7 YDCa YD\.A1)
- I(XA17 YA1 ) XDC7 }/'DC XD\A17 Y'D\Al ) Y)
:I(XA17 X'Dca YDCa YD\A1 ) Y|XD\A1) - I(YA17 Y.Al |XN7 Y7 YDCa YD\A1)
- I(XA17 X’Dcy YDchD\.Ala YD\A17 Y) - I<YA1 ; XDC7 Y’DC XD7 YD\AN Y)
=I( X4 YD\, Y| X\ 4,) = L(Ya,: Xpe, Ype, Yu, | XD, Y\ 4,,Y)

=Jp(A1)
>0

?

and thus J(A) > J(D°).
Combining 2) - 4), we can conclude that D¢ € argmin J(S) and mTeargmin ss T =D
SCN scw

i1) Applying exactly the same argument as in Part ii) of the proof of Theorem [2.3] we can obtain that,
at the optimum, D¢ must be (, i.e., D must be A/, and thus by the definition of D, J(S) > 0,VS C N.
|

Below, we summarize the proofs of Lemmas

Proof of Lemma {.1}



For any S C A|JB, let S; = SA and S; = S(B\ A). Then,
Jaus(S) =I1(Xs; Yiausns, Y| Xausns) — I(Ys; Ys| X aus, Yiausps, Y)

=I(Xs,; Yoausps: Y| X ausns) + I(Xs,; Yoausps, Y1 Xs, Xaus)\s)
— I (Ys,; Yo, | X aus: Yiausps, Y) — 1(Ysy; Yo, | X auss Yar, Yiausns, Y)

=I(Xs,; Yoausps: Y| X ausns) + I(Xs,; Yoausps, Y1 Xs, Xaus)s)
— [I(Ys,; Y5, |Xa, Yars,, Y) — I(Yss Xp\a, Yoaors, | Xa, Yas,, V)]
— I(Ysy; Yo, | X auss, Vs, }A/(AUB)\Sa Y)

=[I(Xs,; Yiausns: Y Xausns) — 1 (Ys,; Yo | X4, Yars,, Y]
+ [I(Xsy; Yoausps: Y Xsy, Xcavsps) + 1(YVsr; Xoas Yaars, | Xa, Yas,, Y
— 1(Ys,; Yo, | X 4, X5, Y, Yoy, Y)

>[[(Xs,; Vs, YIXas) = 1(Ys; Ve | X4, Yas V)
+ [I(Xs,; Yiausns: Y| Xsy, Xcaosns) + 1(Vsys Xpa, Yoaos, | Xa, Yays,, V)]
— I(Ys,; Vs, | X, X5, Y, Vrs,, Y)

=[I(Xs,; Yiausps, Y1 X1, Xcasps) + I(Ysys Xsy, Xpaorss: Yoaos, | Xa, Vas,, V)
— I (Ysy; Yo | X4, X5, Yo, Vs, Y) 4 Ja(S1)

>[I(Xs,; Yoausps: Y1 Xa, Xns,) + 1(Vs,; Xy X, Xpaoss, Veaors Yans, V)]
— I (Ysy; Yo | X4, X5, Yo, Vi, Y) 4 Ja(S1)

=1(Xs,; Y, Virs,, YIXu, Xinsy) — 1(Yay; Yoo | X4y X5, Yo, Vs, V) 4 Ja(S1)

:JA(81> —+ JA,B(SQ) 44)

>Ja(S1) + JB(S2). (45)

If J4(81) >0, S, C A, and Jp(Sz) > 0, VS, C B, then following (45), Jas(S) >0, VS C A|JB.
If J4(S1) >0, VS, C A, and J45(S;) > 0, VS, C B, then following (44), J4y5(S) >0, VS € A B.
[ |

Proof of Lemma {2} Let £ :={F C N : Jx(S) > 0,VS C F} and Ly == {D € L : |D| =
maxzre, | F|}. Suppose there are more than one elements in L.y, say, D1, Ds, ..., D,, where n > 2.
Then based on 1) of Lemma D := |J_, D; also satisfies that Jp(S) > 0,VS C D, which is in
contradiction, and hence Lemma [4.2] is proved. [ ]

Proof of Lemma .3} If J45(S) > 0, VS C B, then this lemma obviously holds. Otherwise, if there
exists some S; C B, S; # B, such that J45(S1) < 0, then we have J4 5(B) — Ja5(S1) > 0, ie.,

I(Xp; YA, Y|X4) = I(Y5: Y5| X4, V4, Y, Xg)
— I(Xs; Yas,, Y, Y| X4, Xivs,) + I(Vs,; Vo, | Xa, Y, Y, X5, Vs, )
=I(Xp\s,; Y, Y[Xa) + 1(Xs,: Y, YIX4, Xirs,)
— I(Y\s,; Yos| X, YA, Y, Xp) — I(Vs,; Vs, [ X, Y, Y, X5, Vs,
— I(Xs;; Y, Y X4, Xpnsy) — I(Xs,3 Yons, [V, Yy X, Xvs) + T(Vsy; Vi, | X4, Y, Yy X, Visnsy )
=1(Xp\s,; Y, Y[Xa) — I(Vp\s,: Vs [Ya, Y, Xa, Xis,)
=Japs (B\ S1)
>0.

Now, we arrive at the same situation as in the original assumption with B replaced by B\ S;. Continue

applying this argument, and we must be able to reach a nonempty C C B, such that J4¢(S) > 0, VS C C.
]



Proof of Lemma [4.4 For any disjoint A and 5,
J(Ao B)
=J(A)+ J(B) — J(AUB)
=I(Xu; Yoo, V| X 4e) = I(Ya; Yal X, Y, Yae)
+ I(Xp; Ve, Y[ Xpe) — I(Y; Y| Xy, Y, Ve
— I(Xg; Yoausy, Y X ausy) — 1(X 45 Yoausy, VX ac)
+ (Y4, Yal X, Y, Yiaos)e) + 1(Ya; Yo X, Y, Yae)
=I(X 4; V5| X ac, Yausye, V) + T(X5; X 4, Ya| X aumyes Yiausye, Y) + T(Ya; Y| X, Y, Yiaus)e)
=I(X 4, Yo4; Y5| X e, Yiaugye, Y) + 1( X X, Yal X (auyes Yiaosye, Y)
=I(Xg, Yi; X4, Y| X aumyes Yiausy, V),

which proves the lemma. u

(1]
(2]
(3]
(4]

(3]
(6]

(7]
(8]
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